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derivatives of noisy data
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smoothing spline selection

error:

roughness:

choose:

best fit spline 
for a given E:

minimize R(s)
requiring Ē(s) ≤ E

R(s) =
� tN

t1

����
d3s

ds3

����
2

dt

E ≡ error tolerance

Ē(s) =
N�

i=1

|z̃i − s(ti)|2�t

s(t)quintic spline:
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Frontier of minimum-roughness splines

choose:

best fit spline 
for a given p:

minimize pĒ(s) + (1− p)R(s)

p ≡ smoothing parameter
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analytic example
ỹ(t) = e−t · sin(t) + N (0, �2)
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repeatability
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physical model

assume potential flow:
φ = φdoublet + φring sources + φpoint source

find source strengths (in sphere frame):

evaluate pressure on surface (in lab frame):

integrate to find force coefficients:
CF = CFu + CFb + CFh

θ

H

z

p− pa = −ρ∂φ
∂t −

1
2ρ|�u|2 − ρgz

r

∂Rc
∂t

x

Rc(x, t)

�u · n̂ =

�
V cos(θ) on sphere
∂Rc
∂t + V ∂Rc

∂x on cavity

V

V

given experimental data:
H(t), V (t), Rc(x, t)
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billiard ball case
billiard: m∗ = 1.8
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billiard ball case
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particle image velocimetry
acrylic: m∗ = 1.2

CF =
ma(t) + mg
1
2ρ[V (t)]2πR2

PIV model
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questions?

Brenden Epps 
bepps@mit.edu

Experiments funded by:
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